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Abstract
The recently suggested notion of total mass density for closed universes is ex-
tended to closed universes with a positive cosmological constant. Assuming that
the matter fields satisfy the dominant energy condition, it is shown that the cosmo-
logical constant provides a sharp lower bound for the total mass density, and that
the total mass density takes this as its minimum value if and only if the spacetime
is locally isometric with the de Sitter spacetime. This notion of total mass den-
sity is extensible to non-compact three-spaces of homogeneity of Bianchi class A
cosmological spacetimes.
1 Introduction
In our previous paper [1] we suggested a notion of total mass M (or rather the total mass
density, depending on the normalization) of closed universes at any instant represented
by a closed spacelike hypersurface Σ. This M was defined by a non-negative expression,
built from the integral of the 3-surface twistor operator and the energy-momentum tensor
on Σ, which in the asymptotically flat/hyperboloidal case provided a lower bound for the
ADM/Bondi–Sachs mass. It was shown in [1] that, apart from a numerical coefficient,
M is just the first eigenvalue of the square of the Sen–Witten operator, Witten’s gauge
condition admits a non-trivial solution if and only of M = 0, and that M = 0 holds on some
(and hence any) Cauchy hypersurface Σ if and only if the spacetime is flat with toroidal
spatial topology: Σ ≈ S1×S1×S1. If we allow that the connection not to be determined
completely by the metric, namely if locally flat but holonomically non-trivial spacetime
configurations are allowed, then this theorem should be generalized. This generalization
was done in [2]: M = 0 holds if and only if the spacetime is holonomically trivial. In
[2] we discussed the properties of M further (and changed its normalization such that its
scale be that of the ADM/Bondi–Sachs mass). We showed that the multiplicity of each
eigenvalue of the square of the Sen–Witten operator is always even. We also illustrated
these ideas in the examples of the closed Bianchi I. and Friedman–Robertson–Walker
(FRW) cosmological models.
In the present paper we extend the ideas above by allowing the presence of a positive
cosmological constant in Einstein’s equations. Its potential significance is given by the
1
phenomenological interpretation of the observed luminosity-redshift anomaly of distant
type Ia supernovae as the indication of the strict positivity of the cosmological constant
Λ (see e.g. [3, 4]).
While the general idea behind the construction and the key technical (both geometric
and functional analytic) results remain the same in the presence of a positive Λ, the
cosmological constant provides a sharp, strictly positive lower bound for M. Thus the
minimal mass configurations will be different from that in the zero cosmological constant
case above. The aim of the present paper is to determine these configurations. We show
that M takes this sharp lower bound as its minimal value precisely when the spacetime is
locally isometric with the de Sitter spacetime. In this case M turns out to be independent
of the hypersurface Σ. We also indicate how this notion of total mass density can be
extended to 3-spaces of homogeneity of Bianchi class A cosmological spacetimes even if
these are not closed.
In the next section we review the key results and formulae that we need in our analysis.
In Section 3 we determine the minimal mass configurations. In section 4 it is indicated
how this notion of the total mass density can be defined for spatially non-compact Bianchi
A cosmological models. In the appendices we show, using Aronszajn’s theorem, that the
eigenspinors of the (square of the) Sen–Witten operators cannot vanish on any open subset
of Σ; and we discuss the technical details on the geometry of the Bianchi cosmological
spacetimes that we need in the proof of our main theorem. As a by-product, we show
that the left-invariant frame fields always satisfy the special orthonormal frame gauge
condition of Nester [5].
Here we use the abstract index formalism, and our sign conventions are those of [6]. In
particular, the signature of the spacetime metric is (+,−,−,−), and the curvature tensor
is defined by −RabcdXbV cW d := V c∇c(W d∇dXa)−W c∇c(V d∇dXa)− [V,W ]c∇cXa for
any vector fields Xa, V a and W a. Thus, Einstein’s equations take the form Gab :=
Rab − 12Rgab = −κTab − Λgab, where κ := 8piG and G is Newton’s gravitational constant,
and Λ > 0.
2 Preliminaries
In our investigations the key geometric ingredient is the Reula–Tod (or SL(2,C) spinor)
form [7] of the Sen–Witten identity for any spinor field λA on the spacelike hypersurface
Σ:
Da
(
tA
′Bλ¯B
′DBB′λA − λ¯A′tAB′DB′BλB
)
+ 2tAA
′
(DAB′ λ¯B′)(DA′BλB)
=−tAA′hef
(DeλA)(Df λ¯A′)− 1
2
κtaGabλ
Bλ¯B
′
, (2.1)
where ta is the future pointing unit timelike normal to Σ, hab := gcdP
c
aP
d
b is the induced
(negative definite) metric, De is the corresponding intrinsic Levi-Civita covariant deriva-
tive and De := P fe ∇f is the derivative operator of the Sen connection. Here P ab := δab−tatb
is the gab–orthogonal projection to Σ. The key observation is that the algebraically irre-
ducible decomposition of the unitary spinor form [8, 9] of the De–derivative of the spinor
field λA into its totally symmetric part and the trace(s),
DEFλA = D(EFλA) + 2
√
2
3
tF
E′PCC
′
EE′ εCADC′DλD, (2.2)
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is a tAA′-orthogonal decomposition, and hence it is an L2–orthogonal decomposition also.
Here the L2-scalar product of two spinor fields, say λ
A and µA, is defined by 〈 λA, µA 〉 :=∫
Σ
√
2tAA′λ
Aµ¯A
′
dΣ, and the corresponding norm will be denoted by ‖ . ‖L2. In (2.2) the
totally symmetric part of the derivative defines the 3-surface twistor operator of Tod [10],
while the second term is proportional to the action of the Sen–Witten operator (i.e. the
Dirac operator built from the Sen connection on Σ) on the spinor field.
Substituting this decomposition into identity (2.1), taking its integral on Σ and using
the fact that Σ is closed (i.e. compact with no boundary), we obtain
4
√
2
3κ
‖DA′AλA‖2L2 =
√
2
κ
‖D(ABλC)‖2L2 +
∫
Σ
ta
(
Tab +
Λ
κ
gab
)
λBλ¯B
′
dΣ, (2.3)
where we have used Einstein’s equations. This equation will play a key role in what
follows and we call it the basic norm identity.
Next, let us define
M := inf
{√2
κ
‖D(ABλC)‖2L2 +
∫
Σ
ta
(
Tab +
Λ
κ
gab
)
λBλ¯B
′
dΣ
}
, (2.4)
where the infimum is taken on the set of the smooth spinor fields for which ‖λA‖2L2 =
√
2.
The physical dimension of M is mass-density, and note that M with this normalization
is
√
2-times of the M introduced in [1]. (Although the physical dimension of M with the
normalization ‖λA‖2L2 =
√
2 vol (Σ) would be mass, it is more convenient to use the above
normalization [2].)
By the basic norm identity and the definition of M we have, for any spinor field λA,
that
4
√
2
3κ
‖DA′AλA‖2L2 =
{√2
κ
‖D(ABλC)‖2L2 +
∫
Σ
ta
(
Tab +
Λ
κ
gab
)
λBλ¯B
′
dΣ
}
≥ 1√
2
M‖λA‖2L2 .
(2.5)
Since M was defined as the infimum of an expression on a set of certain smooth spinor
fields, it is not a priori obvious that there is a smooth spinor field which saturates the
inequality on the right. Nevertheless, one can in fact show that such a spinor field does
exist [1]. We will call such a spinor field a minimizer spinor field. Thus, if λA is such a
minimizer spinor field, then by (2.5) we have that
〈 2DAA′DA′BλB − 3
4
κ MλA , λA〉 = 2‖DA′AλA‖2L2 −
3
4
κ M‖λA‖2L2 = 0. (2.6)
This implies that the minimizer spinor field is necessarily L2–orthogonal to the spinor
field 2DAA′DA′BλB− 34κ MλA, or that 34κ M is an eigenvalue and the minimizer spinor field
is a corresponding eigenspinor of the operator 2DAA′DA′B.
In fact, it has been proven in [1] that its smallest eigenvalue is just α21 =
3
4
κ M, and
the minimizer spinor field is a corresponding eigenspinor. Moreover, it was shown in [2]
that the multiplicity of every eigenvalue is even. In particular, if α 6= 0 and λA is an
eigenspinor of 2DAA′DA′B with the eigenvalue α2, then µA := −i
√
2
α
DAA′λ¯A′ is a linearly
independent eigenspinor with the same eigenvalue. Clearly, all these general results hold
true even in the presence of a positive cosmological constant, since the previous analysis
can be repeated with the ‘effective energy-momentum tensor’ T˜ab := Tab +
Λ
κ
gab, which
also satisfies the dominant energy condition if Tab does.
3
3 The minimal mass configurations
The (geometrical and physical) significance of M in the case of the vanishing cosmological
constant is shown by the result of [1, 2] that M = 0 on some Σ is equivalent to the
holonomic triviality of the spacetime with spatial topology Σ ≈ S1 × S1 × S1, provided
the matter fields satisfy the dominant energy condition. Thus, M satisfies the minimal
requirement to be a measure of the ‘strength of the gravitational field’.
If the cosmological constant is positive, then the minimal mass configuration(s) will
be different from that in the zero cosmological constant case. To see this, let λA be any
spinor field with ‖λA‖2L2 =
√
2, for which we have that
√
2
κ
‖D(ABλC)‖2L2 +
∫
Σ
ta
(
Tab +
Λ
κ
gab
)
λBλ¯B
′
dΣ ≥ Λ
κ
.
Then the definition (2.4) yields that κ M ≥ Λ, i.e. the total mass density is bounded from
below by the cosmological constant. This bound is sharp, as the following example shows.
Let Σ˜t be a t = const spacelike hypersurface of the de Sitter spacetime with the line
element
ds2 = dt2 − a2 cosh2( t
a
)(
dχ2 + sin2 χ
(
dθ2 + sin2 θ dφ2
))
, (3.1)
where t ∈ R, (χ, θ, φ) ∈ S3 and a is a positive constant. Thus, the induced metric
hab on Σ˜t ≈ S3 is that of the metric sphere with radius a cosh( ta), its (spatial) scalar
curvature is R = 6/(a2 cosh2( t
a
)) and its extrinsic curvature is χab =
1
a
tanh( t
a
) hab. The
spacetime is of constant curvature with scalar curvature R = 12/a2. Considering this
spacetime as a solution of the vacuum Einstein equations, for the cosmological constant
we obtain that R = 4Λ. The first eigenvalue of 2DAA′DA′B on the t = const spacelike
hypersurfaces of the general k = 1 (closed) FRW spacetimes is α21 =
3
8
R + 1
4
χ2, and
the two linearly independent eigenspinors are just the ones whose components in the
globally defined spinor dyad associated with the SU(2)–left–invariant orthonormal frame
are constant (see [1], and, for a more general analysis, Appendix 5.2.2). Substituting the
specific expression for the spatial curvature scalar and the extrinsic curvature here, we
obtain that κ M = 4
3
α21 =
3
a2
= Λ; i.e. the lower bound Λ for κ M is, in fact, sharp.
However, the de Sitter spacetime with S3 spatial topology is not the only minimal
total mass density configuration. In fact, let us replace Σ˜t in (3.1) by any homogeneous
Riemannian 3-manifold Σt which is locally isometric with Σ˜t. It is known (see [14] Theo-
rem 3 in Note 4, pp. 294-7) that any such Σt is isometric with the quotient Σ˜t/G, where
G is some discrete subgroup of the group SU(2) ≈ S3 ≈ Σ˜t. The projection pi : Σ˜t → Σt
is clearly a local isometry, and hence Σt inherits a globally defined left–invariant frame
field. In addition, pi∗ maps the extrinsic curvature of Σt into that of Σ˜t. Then the
resulting spacetime is locally isometric with the de Sitter spacetime, but its global topol-
ogy is R × S3/G. For example, S3/G could be the 3-dimensional real projective space
RP 3 := S3/Z2 ≈ SO(3). Therefore, any spinor field on Σt whose components in the
spinor dyad associated with the left–invariant frame field are constant is an eigenspinor
of 2DAA′DA′B with the same eigenvalue α21 = 34Λ as in the de Sitter case (see the discus-
sion following equations (5.10) and (5.16) of the appendix), yielding the same total mass
density M = Λ/κ, too.
The next theorem gives the complete characterization of the minimal total mass den-
sity configurations in the presence of a positive cosmological constant.
4
Theorem 3.1. Let the cosmological constant Λ be positive and the matter fields satisfy
the dominant energy condition. Then κ M = Λ for some (and hence for any) Σ if and
only if Tab = 0 and the spacetime is locally isometric with the de Sitter spacetime.
Proof. First we show that κ M, calculated on any Cauchy surface of any locally de Sitter
spacetime above, is Λ. We saw that α2 = 3
4
Λ is an eigenvalue of 2DAA′DA′B on any max-
imally symmetric spacelike hypersurface Σt, and let λ
A be a corresponding eigenspinor.
As we noted above, its components in the spinor dyad associated with the left–invariant
orthonormal frame field are constant. Since µA := −i
√
2
α
DAA′λ¯A′ is an independent eigen-
spinor of 2DAA′DA′B with the same eigenvalue (see [2]), its components are also constant.
Therefore, by equations (5.10) and (5.15) of Appendix 5.2.2, both λA and µA satisfy the
3-surface twistor equation on Σt, and hence, by (2.2) and the eigenvalue equation, the
equations
DeλA = 2
3
PAA
′
e DA′BλB = −iα
√
2
3
PAA
′
e µ¯A′, DeµA =
2
3
PAA
′
e DA′BµB = iα
√
2
3
PAA
′
e λ¯A′,
(3.2)
too. In this way, we have a spinor field (or rather a pair of spinor fields) on every leaf
Σt, and hence on the spacetime manifold itself up to an unspecified function of time as
a factor of proportionality. To find out how to fix this factor, let us suppose that ωA is
any spinor field on the spacetime manifold which satisfies the 3-surface twistor equation
on the leaves Σt, and decompose its covariant derivative ∇eωA using D(ABωC) = 0 in its
equivalent form DeωA = 23PAA
′
e DA′BωB. We obtain
∇eωA − 1
2
δAE∇E′BωB =
1
3
(
2δABte − δAEtE′B
)(3
2
tf∇fωB − tBB′DB′DωD
)
.
Since the vanishing of the left hand side is just the 1–valence twistor equation onM [6], we
obtained that the spinor field ωA satisfying the 3-surface twistor equation satisfies the 1–
valence twistor equation if and only if te∇eωA = 23tAA
′DA′BωB. Since the twistor equation
would be the natural extension of the 3-surface twistor equation form the hypersurfaces to
the spacetime, we require that the eigenspinors λA and µA satisfy the ‘evolution equations’
te
(∇eλA) = iα
√
2
3
tAB′ µ¯
B′ , te
(∇eµA) = −iα
√
2
3
tAB′ λ¯
B′ . (3.3)
These evolution equations preserve (3.2). In fact, by (3.2), (3.3) and the definition and
the specific form of the curvature we have that
tc∇c
(
DeλA + iα
√
2
3
PAA
′
e µ¯A′
)
=−4
9
α2PAA
′
e tA′Bλ
B − RABcetcλB =
=
1
6
(
Λ− 4
3
α2
)(
δAEtE′B + t
A
E′εEB
)
λB = 0;
and, similarly, the time derivative of DeµA − iα
√
2
3
PAA
′
e λ¯A′ is also vanishing. Thus the
integrability conditions of the twistor equation on M are satisfied. Therefore, by (3.3),
there is a unique extension of the eigenspinor from e.g. Σ0 to the whole locally de Sitter
spacetime, which solves the 1–valence twistor equation1 ∇A′(AλB) = 0.
1In fact, the pair (λA, µ¯A
′
) of spinor fields solves a pair of 1–valence twistor equations in which the
5
Let Σ be any Cauchy hypersurface of the spacetime. Since the spinor field λA solves
the 1–valence twistor equation on M , its restriction to Σ solves the 3-surface twistor
equation there. Since Tab = 0, for this spinor field the expression between the curly
brackets in (2.4) is just Λ‖λA‖2L2/(
√
2κ). Thus, after normalization, it is a minimizer
spinor field, yielding that κ M = Λ.
Conversely, let Σ be a closed spacelike hypersurface, suppose that κ M = Λ on Σ,
and let λA be any eigenspinor of 2DAA′DA′B with the eigenvalue α2 = 34Λ. Let µA :=
−i
√
2
α
DAA′ λ¯A′, and hence µA is also an eigenspinor of 2DAA′DA′B with the same eigenvalue.
Since κ M = Λ, by the dominant energy condition it follows from (2.4) that taTaBB′λ
Bλ¯B
′
=
taTaBB′µ
Bµ¯B
′
= 0, and hence that Tab = fλAλBλ¯A′ λ¯B′ = f˜µAµBµ¯A′µ¯B′ for some non-
negative functions f and f˜ on Σ. These imply that if λA and µA are not proportional
with each other, then f = f˜ = 0. (Note that the linear independence of λA and µA
means only that λA 6= cµA for any non-zero complex constant c. Thus, in principle, λA
and µA could be proportional to each other with some complex function as a factor of
proportionality.)
Also, the condition κ M = Λ yields from (2.4) that D(ABλC) = D(ABµC) = 0. Substitut-
ing these into (2.2), we obtain (3.2). First, we show that λA and µA are not proportional
to each other. Thus, suppose, on the contrary, that there exists an open set U ⊂ Σ
and a smooth complex-valued function F : U → C such that DAA′λ¯A′ = FλA, i.e.
µA = −i
√
2
α
FλA on U . Then, on U , λAµ
A = 0. Taking its derivative, using equation
(3.2), our assumption of the proportionality of µA and λA and the eigenvalue equation
for λA, we find
0=De(λAµ
A) = −(DeλA)µA + (DeµA)λA =
= iα
√
2
3
PAA
′
e µAµ¯A′ + iα
√
2
3
PAA
′
e λAλ¯A′ = i
√
2
3α
(
2FF¯ + α2
)
PAA
′
e λAλ¯A′;
i.e. the projection Ze := P
AA′
e λAλ¯A′ would have to be vanishing on the open set U . Since
La := λAλ¯A
′
is null and Σ is spacelike, this would imply the vanishing of λA on the open
set U . However, Bär [11] showed that the zero-set of any eigenspinor of a Riemannian
Dirac operator on an n-dimensional manifold is at most (n − 2) dimensional. Also, by
Aronszajn’s theorem [12] if a function (or a set of functions) satisfying a second order
elliptic p.d.e. is (are) vanishing on an open set, then it is (they are) vanishing everywhere.
These results indicate that µA and λA cannot be proportional. In fact, in Appendix 5.1 we
show that the eigenspinors of 2DAA′DA′B satisfy the conditions of Aronszajn’s theorem,
and hence they cannot be vanishing on any open subset of Σ. Therefore, µA and λA are not
secondary part of one solution is just the primary part of the other. It might be worth noting that this
system of equations can be written in terms of Dirac spinors in the remarkably simple form
∇eΨα = i
3
α γαeβΨ
β,
where Ψα = (λA, µ¯A
′
) (as a column vector), α = A⊕A′, β = B ⊕B′, and Dirac’s ‘γ-matrices’ are given
explicitly in the abstract index formalism by
γαeβ =
√
2
(
0 εE′B′δ
A
E
εEBδ
A′
E′ 0
)
(see e.g. [15], pp 221).
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proportional with each other on any open subset of Σ, and hence, by the argumentation
above, the energy momentum tensor is vanishing on Σ.
Next, let us evaluate the integrability conditions of (3.2). The action of the commu-
tator of two Sen derivative operators on any spinor field is
(DcDd −DdDc)λA = −RABefP ec P fd λB − 2χe[ctd]DeλA,
where χab is the extrinsic curvature of Σ in the spacetime (see e.g. [1]). Thus, it is a
straightforward calculation to derive the integrability conditions of (3.2), for which we
obtain
RABefP
e
c P
f
d λ
B = −1
3
ΛδA(EεF )BεE′F ′P
e
c P
f
d λ
B, (3.4)
where we used the eigenvalue equation and the specific value α2 = 3
4
Λ of the eigenvalue.
However, the expression on the right is just the pull back to Σ of the anti-self-dual part of
the curvature of the constant positive curvature spacetime with scalar curvature R = 4Λ,
i.e. of the de Sitter spacetime. Therefore, the anti-self-dual part of the curvature tensor
of the spacetime has the structure −RABCC′DD′ = ΨABCDεC′D′− 13ΛεA(CεD)BεC′D′ , where,
using Einstein’s equations, we have already taken into account the vanishing of the trace-
free part of the Ricci tensor. In terms of these quantities, the integrability condition (3.4)
can be rewritten as
0 =
(
−RABef + 1
3
ΛεA(EεF )BεE′F ′
)
P ec P
f
d λ
B = λBΨABEFεE′F ′P
e
c P
f
d . (3.5)
Now we show that the whole Weyl spinor is also vanishing.
For, let us introduce the complex null vectorsMa := λAtA
′
Bλ
B and M¯a := λ¯A
′
tAB′ λ¯
B′ ,
which are tangent to Σ. These vectors together with Za := P ab λ
Bλ¯B
′
form a basis on
an open dense subset of Σ (namely on the subset where λA is non-zero). Clearly, these
satisfy the orthogonality and normalization conditions ZaM
a = MaM
a = 0 and ZaZ
a =
MaM¯
a = −(tAA′λAλ¯A′)2 =: −|Z|2, respectively, and Za = 12(λAλ¯A
′−2|Z|2tAB′ λ¯B′tA′BλB)
holds. Then contracting (3.5), respectively, with M cM¯d, ZcMd and ZcM¯d, we obtain the
vanishing of ΨABCDλ
BλCtDD′λ¯
D′, ΨABCDλ
BλCλD and ΨABCDλ
BtCC′ λ¯
C′tDD′ λ¯
D′. These
imply that ΨABCD = ΨλAλBλCλD for some complex function Ψ on Σ. Repeating this
argumentation with the spinor field µA, we obtain that ΨABCD = Ψ˜µAµBµCµD for some
Ψ˜. Since, however, the spinor fields λA and µA are not proportional to each other on any
open subset of Σ, this yields that Ψ = Ψ˜ = 0. Therefore, at the points of Σ the curvature
tensor of the spacetime is that of the de Sitter spacetime.
Finally, let us foliate an open neighbourhood of Σ in the spacetime by the spacelike
hypersurfaces Σt obtained by Lie dragging Σ0 := Σ along its own unit timelike normal t
a.
Then, the Bianchi identities, written in their 3+1 form with respect to this foliation by
Friedrich [13], yield that the spacetime curvature tensor is that of the de Sitter spacetime
on the neighbouring leaves of the foliation. Hence the spacetime is locally isometric to
the de Sitter spacetime with the cosmological constant Λ in which the typical Cauchy
surface is homeomorphic to Σ (see [16]).
This result is slightly weaker than the analogous one in [1, 2] for the zero cosmological
constant case, because there the topology of the 3-space has also been determined. In
fact, there is a uniqueness for the topology of the holonomically trivial compact 3-spaces:
they are necessarily tori (see [14], Theorem 4.2 in Chapter V, pp. 211-221), while, as
7
we already noted above, the topology of 3-spaces with constant positive curvature is far
from being fixed.
In both the Λ = 0 and Λ > 0 cases the first eigenvalue of 2DAA′DA′B in the minimal
total mass density configurations is built only from the curvature of De, which has a uni-
form value in the 3-space. Thus, to give a more detailed characterization of the 3-spaces
we should consider other eigenvalues. In the spatially flat, closed Bianchi I. model, the
first eigenvalue of the Riemannian Dirac operator is zero, and the three parameters speci-
fying the ‘size’ of the flat 3-space are encoded in the higher eigenvalues (see [2]). Similarly,
in the locally de Sitter case, the volume of the 3-space is expected to be recoverable from
the higher eigenvalues. If this were indeed the case, then in terms of the curvature and
the volume the topology of the 3-space could also be characterized, at least partly, by
the eigenvalues of 2DAA′DA′B. To see this, observe that the local isometry pi : Σ˜t → Σt
is a universal covering, because Σ˜t ≈ S3 is simply connected. Since pi is smooth and Σ˜t
is compact, it is a proper map, i.e. pi−1(K) ⊂ Σ˜t is compact for any compact K ⊂ Σt.
Hence
∫
Σ˜t
pi∗(ω)abc = deg(pi)
∫
Σt
ωabc holds for any 3-form ωabc on Σt, where deg(pi) ∈ Z
is the degree of pi (see e.g. [17], p. 275). Thus, in particular, vol(Σ˜t) = deg(pi) vol(Σt).
Actually, deg(pi) is positive because pi is orientation preserving, and deg(pi) can be inter-
preted as the number of how many times Σ˜t covers Σt. Therefore, since the curvature
determines the volume of Σ˜t ≈ S3, by vol(Σ˜t)/vol(Σt) = deg(pi) the curvature and the
volume of the 3-space Σt determine deg(pi), i.e. the number how many times S
3 covers
the typical Cauchy surface Σ.
4 Total mass density in Bianchi A models
In Bianchi A cosmological spacetimes by the spatial homogeneity the eigenvalue equation
for the Sen–Witten operator always has two independent eigenspinors whose components
in the left-invariant frame are constant. In particular, on the t = const spacelike hyper-
surfaces of the k = 1 (closed) FRW spacetime these spinor fields are just the minimizer
spinor fields of M. (See the discussions following equations (5.12) and (5.16) of Appendix
5.2.) With this spinor field the integrand
4
κ
tAA
′
tBB
′
tCC
′D(ABλC)D(A′B′ λ¯C′) + ta
(
Tab +
Λ
κ
gab
)
λBλ¯B
′
(4.1)
in the definition (2.4) of M is constant on the 3-spaces Σt of homogeneity. Thus, even
though the integral of (4.1) does not exist on non-compact 3-spaces of homogeneity, this
expression can be used to define the total mass density by fixing the scale of the spinor
field by tAA′λ
Aλ¯A
′
= 1 an any given point of Σt. By equation (5.11) of Appendix 5.2 the
3-surface twistor term of (4.1) in general is non-trivial, and could be interpreted as the
contribution of the gravitational ‘field’ to the total mass density of the matter+gravity
system.
5 Appendix
5.1 An application of Aronszajn’s theorem to eigenspinors
In this appendix we prove the following statement:
8
Theorem 5.1. If λA is an eigenspinor of 2DAA′DA′B on Σ, then it cannot have any zero
of infinite order in the 1–mean (for the definition see below).
Let o ∈ Σ, r > 0 and let B(o, r) denote the set of points of Σ whose geodesic distance
from o is less than r. Following Aronszajn [12], we say that λA has a zero of order ω at
o in the p–mean if
∫
B(o,r)
|λA|pdΣ = O(rωp+3), where |λA|2 := √2tAA′λAλ¯A′, the square
of the pointwise norm of the spinor field. The zero is said to be of infinite order if it is
of order ω for all ω > 0. Clearly, if λA is vanishing on an open subset O ⊂ Σ, then any
o ∈ O is a zero of infinite order. Hence, the theorem above guarantees that no eigenspinor
of 2DAA′DA′B can be vanishing on any open subset of Σ.
Proof. In [1] we derived a Lichnerowicz type identity for any spinor field (equation (2.11)
of [1]), which, by the expression for the constraint parts of the spacetime Einstein tensor
(equations (2.9) and (2.10) of [1]) and for the Sen derivative operator in terms of the
intrinsic Levi-Civita derivative and the extrinsic curvature (equations (2.2) and (2.4) of
[1]), takes the form
2DAA′DA′BλB = DeDeλA +
(
DAA
′
χ
)
tA′Bλ
B +
1
4
(R+ χ2)λA. (5.1)
Thus if λA is an eigenspinor of 2DAA′DA′B with the eigenvalue α2, then λA satisfies
DeD
eλA =
(
DAA′χ
)
tA
′
Bλ
B +
1
4
(
4α2 −R− χ2)λA. (5.2)
Let U ⊂ Σ be an open set with compact closure which is the domain of the local coordi-
nate system {xα}, and fix a normalized dual spin frame field {εAA , εAA } on U . Then the
coordinate Laplacian of the components of the spinor field has the structure
hαβ∂α∂βλ
A =
(
DeD
eλA
)
εAA + E
αA
B ∂αλ
B + EA B λ
B ,
where the coefficients EαA B and E
A
B are built from the Christoffel symbols and the
components of the connection 1-form on the spinor bundle in the spinor basis above.
Taking into account (5.2) and writing its right hand side as FABλ
B, we obtain
|hαβ∂α∂βλA | ≤ |EαA B ∂αλB |+ |EAB λB |+ |FAB λB |, (5.3)
where | . | means pointwise absolute value of spinor/tensor components. Next, recall
that on any finite dimensional complex vector space, say Cn, any two norms ‖x‖p :=
(
∑n
k=1 |xk|p)1/p, x = {xk} ∈ Cn, are equivalent, where 1 ≤ p < ∞. In particular,
‖x‖1 ≤ n‖x‖2 holds. Thus, if x, y, z ∈ Cn, then with the notation w := (x, y, z) ∈ C3n
we have that ‖x‖1 + ‖y‖1 + ‖z‖1 = ‖w‖1 ≤ 3n‖w‖2. Applying this inequality to the
pointwise norm on the right of (5.3), we obtain
|hαβ∂α∂βλA |2 ≤ 36
(
|EαA B ∂αλB |2 + |EA B λB |2 + |FAB λB |2
)
.
Since the geometry is smooth and U is of compact closure, there exists a positive constant
C such that for both A = 0, 1
|hαβ∂α∂βλA |2 ≤ C δBB ′
(
−hαβ(∂αλB )(∂βλ¯B ′) + λB λ¯B ′
)
holds, where δBB ′ is the Kronecker delta. However, this is just the condition of Aron-
szajn’s theorem [12] (see Remark 3 in Aronszajn’s paper), which guarantees the vanishing
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of λA on U if it has a zero of infinite order somewhere in U . Finally, covering Σ by such
coordinate domains U and applying the above result to the overlapping domains, we find
that λA is vanishing on the whole of Σ.
5.2 The D and T operators in Bianchi 3-spaces
5.2.1 The geometry of the Bianchi cosmological spacetimes
Let the spacetime be a homogeneous Bianchi cosmological spacetime, foliated by the
spacelike hypersurfaces Σt which are the transitivity surfaces of the isometry group (see
e.g. [18]). Let {eai , ϑia}, i = 1, 2, 3, be a globally defined hab-orthonormal dual frame field
on Σ0, which is left invariant with respect to the (simply transitive) action of the isometry
group G on Σ0. Then the structure constants of G can be given in this basis, too, by
cijk := [ej, ek]
aϑia, and D[aϑ
i
b] = −12cijkϑj[aϑkb] also holds. Following [18], we parametrize the
structure constants as cijk = M
imεmjk + δ
i
[jAk], where M
ij is a symmetric real matrix,
M ijAj = 0 holds and εklm is the alternating Levi-Civita symbol. The group G is said
to belong to Bianchi class A if Ai = 0, otherwise it belongs to class B. Extending the
dual frame field {eai , ϑia} along the timelike geodesic normals to the other leaves Σt we
obtain a globally defined frame field which provides a convenient ‘background’ to describe
the dynamics, but, in general, it will not be hab-orthonormal on the leaves other than
Σ0. In this basis hab = hijϑ
i
aϑ
j
b, where the components hij are functions only of the time
coordinate t.
Thus, let us write the vectors of an hab-orthonormal basis as E
a
i := e
a
jΦ
j
i, and similarly
θia := ϑ
j
aΦj
i, where the matrices Φij, Φj
i depend only on t, have positive determinant,
satisfy ΦijΦk
j = δik and hij = Φi
kΦj
lηkl, and at t = 0 they reduce to the unit matrix
δij. Clearly, {Eai , θia} is also a left-invariant dual basis, but Eai = habθjbηji also holds,
where boldface (i.e. frame name) index lowering and raising are defined by ηij := −δij
and its inverse. (Note, however, that hij denotes the inverse of the matrix hij.) The
structure ‘constants’ of this frame are C ijk := [Ej, Ek]
aθia = c
l
mnΦl
iΦmjΦ
n
k, which depend
on the time coordinate. It is a simple calculation to show that these structure constants
determine completely the Ricci rotation coefficients of the spatial Levi-Civita connection
in the frame {Eai , θia}:
γikj := E
e
kγ
i
ej := θ
i
aE
e
k
(
DeE
a
j
)
=
1
2
(
C ikj + η
imCnmkηnj + η
imCnmjηnk
)
. (5.4)
Clearly, these are constant on each Σt, and, with the parametrization of c
i
jk above, we
have that
1
2
γijk εijl = −
1√|h|MmnΦmiΦnjηikηjl + 12 1√|h|ηklM ijhij − 12AiΦijεjkl, (5.5)
where |h| := | det(hij)| = (det(Φij))−2. Equation (5.5) implies, in particular, that the
frame field {Eai } satisfies Nester’s special orthonormal frame gauge condition on Σt [5]:
Nester requires q := γijk εij
k to be constant and qiθ
i
a to be closed, where qj := γ
i
ij. By
q = M ijhij/
√|h| the first condition is clearly satisfied, and by qi = AjΦji, M ijAj = 0 and
D[aθ
i
b] = −12C ijkθj[aθkb] the 1-form qiθia is, indeed, closed. Since the Ricci rotation coefficients
are constants in the left-invariant frame, it is straightforward to compute the components
of the curvature tensor and its scalar curvature. For the latter, we obtain
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R=−1
2
(
MklMmnηkmηlnηij − 2ηikMkmηmnMnlηlj + 2MmnηmnMklηkiηlj −
− (Mklηkl)2ηij)hij − 1
2|h|M
kiM ljhklhij +
3
2
AiAjh
ij, (5.6)
which is constant on Σt, but depends on the time coordinate t since hij does.
5.2.2 The D and T operators
If {εAA , εAA }, A = 0, 1, is a normalized spinor basis associated with the dual frame field
{Eai , θia}, then the spinor connection 1-forms of the intrinsic Levi-Civita covariant deriva-
tive on the spinor bundle are given by
γAeB = −
i
2
√
2
γije εij
kσAkB , (5.7)
where σAkB are the standard SU(2) Pauli matrices (including the factor 1/
√
2). Then, by
contracting it with Eei σ
i
C D , it is straightforward to compute its various irreducible parts.
We obtain
γDDAB =
1
2
AiΦ
i
jσ
j
AB −
i
4
√
2|h|M
ijhijεAB , γ
A
(BC D ) =
i
2
√
2|h|M
ijΦi
kΦj
lηlmσ
A
k(B σ
m
C D );
(5.8)
i.e. the irreducible parts of the first are proportional to Ai and the trace of M
ij with
respect to hij, respectively, while the second to the hij–trace-free part of M
ij.
By (5.8) the Riemannian Dirac and 3-surface twistor operators, DABλ
B and T (λ)ABC
:= D(ABλC) on Σt, respectively, take the form
εAADABλ
B =σiAB
(
Eei
(
∂eλ
B
)
+
1
2
AjΦ
j
iλ
B
)
+
i
4
√
2
1√
|h|M
ijhijλA , (5.9)
T (λ)ABC =E
e
i
(
∂eλ(A
)
σiB C ) −
i
2
√
2
√|h|MmnΦmiΦnjηjkσDi(AσkB C )λD . (5.10)
(5.9) shows that spinor fields with constant components in the left-invariant frame field
are eigenspinors of the Riemannian Dirac operator precisely when Ai = 0, i.e. when the
group G belongs to Bianchi class A, in which case the eigenvalue is β = −M ijhij/(4
√|h|).
The action of the Riemannian 3-surface twistor operator on such a spinor field is
T (λ)ABC = − i
2
√
2
√|h|
(
M̂ ijΦi
mΦj
n +
1
3
M ijηijĥ
mn
)
σ(ABm σ
C )D
n λD , (5.11)
where M̂ ij := M ij − 1
3
Mklηklη
ij and ĥij := hij − 1
3
hklηklη
ij, the trace-free part of M ij and
hij, respectively, with respect to ηij. This is vanishing if M
ij = 0 (Bianchi I. models), or
if M̂ ij = 0 and the evolution of the spatial metric yields that hij = S
2ηij for some positive
function S = S(t) (closed FRW spacetimes in Bianchi IX).
The action of the square of the Riemannian Dirac operator on the spinor field whose
components λA in the left-invariant frame are constant is
11
ε
A
AD
ABDBCλ
C =
1
8
((
qiqjη
ij +
1
4
q2
)
δ
A
B − i
√
2qqiσ
A
iB
)
λB , (5.12)
where, for the sake of brevity, we used the quantities q and qi introduced in connection
with Nester’s gauge condition above. Therefore, such a spinor field can be an eigenspinor
of 2DABDBC with the eigenvalue β
2 precisely when qqi = 0, and the eigenvalue is β
2 =
1
4
qiqjη
ij + 1
16
q2. In particular, if Ai = 0, M
ij = 1
3
Mηij and hij = S
2ηij (e.g. for the closed
FRW spacetimes), then by (5.6) this yields that β2 = 3
8
R, which is known to be just the
smallest eigenvalue of 2DABDBC on the metric 3-spheres.
If the symmetry group G belongs to Bianchi class B, then no eigenspinor of the
Riemannian Dirac operator has constant components in the left invariant frame field.
Nevertheless, (5.9) motivates us to consider the weaker condition
Eei (∂eλ
A ) +
i
2
qiλ
A = 0. (5.13)
It is a straightforward calculation to show that its integrability conditions are satisfied
identically, and hence this equation locally admits precisely two linearly independent
solutions, which are specified completely by their own value at an arbitrary point of
Σt. Let these two solutions be λ
A and µA , and form their symplectic scalar product
ω := λAµB εAB . Then (5.13) yields that qiθ
i
e = i∂e(lnω), i.e., if (5.13) admits global
solutions, then the combination qiθ
i
e of the left invariant orthonormal 1-form basis would
be exact. Then this global solution would be an eigenspinor of the Riemannian Dirac
operator also with the eigenvalue β = −M ijhij/(4
√|h|).
The unitary spinor form of the derivative operator of the Sen connection is well known
to be DABλC = DABλC − 1√2χABCDλD, where χABCD := 2tBA
′
tD
C′χAA′CC′. Hence, if the
components χij of the extrinsic curvature are defined by χab =: χijϑ
i
aϑ
j
b, which are also
constant on Σt but in general depend on t, then the Sen–Witten and the 3-surface twistor
operators, respectively, take the form
εAADABλB = εAADABλB +
1
2
√
2
χλA , (5.14)
T (λ)ABC =T (λ)ABC − 1√
2
χijΦ
i
kΦ
j
lσ
k
(AB σ
l
C )D λ
D . (5.15)
Thus, if the extrinsic curvature is a pure trace, χab =
1
3
χhab, i.e. χklΦ
k
iΦ
l
j =
1
3
χηij
(as in the FRW spacetimes), then by (5.15) the 3-surface twistor and the Riemannian
3-surface twistor operators coincide. Since in general 2DAA′DA′BλA = 2DAA′DA′BλB +
λBtBB′(D
B′Aχ) + 1
4
χ2λA, in spatially homogeneous spacetimes, where χ is spatially con-
stant, we have for any eigenspinor λA of the square of the Riemannian Dirac operator
with eigenvalue β2 that
2DAA′DA′BλB = 2DAA′DA′BλB + 1
4
χ2λA =
(
β2 +
1
4
χ2
)
λA. (5.16)
Thus, λA will be an eigenspinor of the square of the Sen–Witten operator, too, with the
eigenvalue β2 + 1
4
χ2. In particular, in the closed FRW spacetimes the first eigenvalue
of 2DAA′DA′B is 38R + 14χ2, and the corresponding eigenspinors are just the ones whose
components in the left-invariant frame field are constant.
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